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ABSTRACT: Let ( ),G V E=  be a graph and k be a positive integer. A set ( )S V  is a k-forcing set if its vertices are initially 

colored, while the remaining vertices are initially non-colored, and the graph is subjected to the following color change rule 

such that all of the vertices in G will eventually become colored. A colored vertex with at most k non-colored neighbors will 

cause each non-colored neighbor to become colored. The k-forcing number of G, denoted by ( )kF G , is the minimum cardinality 

of a k-forcing set.  

This study gave the k-forcing number of paths, cycles, fans, wheels, and wheel-related graphs. 
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1. INTRODUCTION 

A subset S of vertices of a graph is a k-forcing set if its 

vertices are initially colored, while the remaining vertices 

are initially non-colored, and the graph is subjected to the 

following color change rule until all the vertices will even-

tually become colored. A colored vertex with at most k non-

colored neighbors will cause each non-colored neighbor to 

become colored. The k-forcing number of a graph, denoted 

by ( )kF G ,  is the cardinality of a smallest k-forcing set.  

For example, consider graph G in Figure 1. Then 𝑆1 = 

{a} is a 2-forcing set, while 𝑆2 = {b} is not. The 2-forcing 

number of G is 1.  

To see this, we note that a can 2-forces b and f, b can 2-

forces c and e, c can 2-forces d. Hence, all the vertices of G 

will eventually be colored. Thus, 𝑆1 = {a} is a 2-forcing set.  

 

 

 

 

 

 

 

Figure 1. The graph G 

 
On the other hand, we observe that b can not 2-force 

either a, e and c. Hence, color change cannot take effect. 

This shows that 𝑆2 = {b} is not a 2-forcing set.  

Clearly, 𝑆1 = {a} is a minimum 2-forcing set. Thus, 

𝐹2(G),  = 1.  

The k-forcing concept is a generalization of the concept 

zero forcing number of a graph (the zero forcing number is 

actually the 1-forcing number). The concept was introduced 

by Barioli et al. [2] and independently, by Burgarth et al. [4]. 

These concepts were studied in [1–22]. 

 

2. PRELIMINARY RESULTS 

In this section, we present some of the general properties 

of the k-forcing number. Clearly the k-forcing number of a 

graph cannot exceed its order. Also, if a graph is connected 

then its k-forcing number is less than its order. This observa-

tions are more formally stated in the next lemma and remark. 

 

Lemma 2.1. Let G be a graph of order n. Then 𝐹𝑘(G) ≤ n for 

all k ∈ ℕ.  

 

Remark 2.2.  If G is a connected graph of order n, then 

𝐹𝑘(G) < n  for all k ∈ ℕ.  

The Pigeon-hole Principle may be stated as follows. If 

there are n boxes and there at most n-1 boxes, then at least 

one of the boxes is empty. Or equivalently, if box 𝑏1 can 

hold at most 𝑗1 marbles, box 𝑏2 can hold at most 𝑗2 marbles, 

so on, box 𝑏𝑛 can hold at most 𝑗𝑛 marbles, and there are less 

than 𝑗1 + 𝑗2 + · · · + 𝑗𝑛 marbles, then at least one box is not 

full. The next lemma uses this idea. 

 

Lemma 2.3. Let 𝐺1, 𝐺2,...,𝐺𝑟   be connected graphs. Then 𝐹𝑘 

(𝐺1∪ 𝐺2 ∪ · · · ∪ 𝐺𝑛) = 𝐹𝑘 (𝐺1) + 𝐹𝑘 (𝐺2) + · · · + 𝐹𝑘 (𝐺𝑛). 

Proof: Let 𝑆1, 𝑆2, . . . , 𝑆𝑛 be minimum k-forcing sets of 

𝐺1, 𝐺2, . . . , 𝐺𝑛, respectively. Then clearly 𝑆1 ∪ 𝑆2 ∪ · · · ∪ 

𝑆𝑛 is a k-forcing set of 𝐺1 ∪ 𝐺2 ∪ · · · ∪ 𝐺𝑛. Hence, 𝐹𝑘 (𝐺1 

∪ 𝐺2 ∪ · · · ∪ 𝐺𝑛) ≤ 𝐹𝑘 (𝐺1)  + 𝐹𝑘 (𝐺2)  + · · · + 𝐹𝑘 (𝐺𝑛). 

Suppose that 𝐹𝑘(𝐺1 ∪ 𝐺2 ∪ · · · ∪ 𝐺𝑛) < 𝐹𝑘 (𝐺1) + 𝐹𝑘 (𝐺2)   

+ · · · + 𝐹𝑘 (𝐺𝑛).  Let S be a minimum k-forcing set of 𝐺1 ∪ 

𝐺2 ∪ · · · ∪ 𝐺𝑛. Then |S| < 𝐹𝑘 (𝐺1)  + 𝐹𝑘 (𝐺2)  + · · · + 𝐹𝑘 

(𝐺𝑛). By the Pigeon-hole Principle, there exists at least one 

component, say without loss of generality 𝐺1, with V (𝐺1) ∩ 

S < 𝐹𝑘 (𝐺1). This implies that V (𝐺1) ∩ S is not a k-forcing 

set in 𝐺1, that is, the color change rule can’t cannot color all 

the vertices in 𝐺1 by initially using the vertices in V (𝐺1) ∩ 

S. This is a contradiction since S is a k-forcing set. There-

fore, 𝐹𝑘 (𝐺1 ∪ 𝐺2 ∪ · · · ∪ 𝐺𝑛) = 𝐹𝑘 (𝐺1)  + 𝐹𝑘 (𝐺2)  + · · · + 

𝐹𝑘 (𝐺𝑛). QED                                                                                                                 

 

The next remark follows from Remark 2.2 and Lemma 

2.3. 

 

Remark 2.4. Let G be a graph of order n. If G has a non-

trivial component, then 𝐹𝑘(G) < n. 

To see this, let G = 𝐺1 ∪ 𝐺2 ∪ · · · ∪ 𝐺𝑘, where 𝐺𝑖 is a 

component for i = 1, 2, . . . , k. Suppose that 𝐺𝑟  is a non-

trivial component. Then by Remark 2.2 𝐹𝑘(𝐺𝑟) < |V (𝐺𝑟)|. 

Hence, by Lemma 2.3, 𝐹𝑘 (G) = 𝐹𝑘(𝐺1) + 𝐹𝑘(𝐺2)  + · · · + 
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𝐹𝑘(𝐺𝑟) + · · · + 𝐹𝑘(𝐺𝑘)  < |V (𝐺1)| + |V (𝐺2)| + · · · + |V (𝐺𝑟)| 

+ · · · + |V (𝐺𝑘)| = n. 

 

The k-forcing number is not less than the number of 

components. We present and show this idea in the next 

lemma. 

 

Lemma 2.5. Let G be a graph. If G have m components, 

then 𝐹𝑘(G) ≥ m.  

Proof: Suppose that 𝐹𝑘(G) < m. Let S be a minimum k-

forcing set. Then |S| < m. By the Pigeon-hole Principle, there 

exists at least one component, say H, with V (H) ∩ S = ∅. 

This implies that the color change can’t take place in H, that 

is, the vertices in H will remain uncolored. This is a contra-

diction since S is a k-forcing set. Therefore, 𝐹𝑘(G) ≥ m.                                                        

QED 

 

 The k-forcing number is precisely equal to the order 

when the graph is empty. We prove this conjecture in the 

next theorem. 

 

Theorem 2.6. Let G be a graph of order n > 1. Then 𝐹𝑘(G) 

= n if and only if G =𝐾𝑛
̅̅̅̅ .            

Proof: Suppose that 𝐹𝑘(G) = n and G ≠ 𝐾𝑛
̅̅̅̅ . If G ≠ 𝐾𝑛

̅̅̅̅ , 

then G has a non-trivial component. By Lemma 2.3, 𝐹𝑘(G) < 

n. This is a contradiction. Hence, if 𝐹𝑘(G) = n, then G = 𝐾𝑛
̅̅̅̅ . 

Conversely, suppose that G = 𝐾𝑛
̅̅̅̅ . Then G have n compo-

nents. By Lemma 2.5, 𝐹𝑘(G) ≥ n. Accordingly, 𝐹𝑘(G) = n.                                                                                                                                                   

QED 

 

Theorem 2.7 is due to Amos et al. (2015). We provided 

here an alternative proof.  

The degree of a vertex is the number of incident edges. 

The greatest degree among the vertices is called the maxi-

mum degree, denoted by ∆. We present in Theorems 2.7, 2.8, 

and 2.9 some statements concerning the maximum degree ∆ 

and the k-forcing number. 

 

Theorem 2.7. Let G = (V, E) be a connected graph. Then 

𝐹∆(G) = 1.  

Proof: Let G = (V, E) be connected graph. If |V | = 1, 

then by Theorem 2.6 the theorem follows. So we assume 

that |V| > 1. Let S = {v} with v ∈ V and let u ∈ V \S. Since G 

is connected, there exist a shortest path (v = 𝑣1, 𝑣2, . . . , 

𝑣𝑑(𝑢,𝑣)= u) in G connecting u and v. Since every vertex in G 

has at most ∆ neighbors, 𝑣1 can ∆-force 𝑣2, 𝑣2 can ∆-force 

𝑣3, . . ., 𝑣𝑛−1 can ∆-force 𝑣𝑑(𝑢,𝑣) = u. Hence, u will eventu-

ally be colored. Since u is arbitrary, this implies all the ver-

tices of G will eventually be colored. This shows that S is a 

∆-forcing set. Therefore, 𝐹∆(G) = 1. QED 

 

Theorem 2.8. Let G = (V, E) be a connected graph. If G is 

not ∆-regular, then 𝐹∆−1(G) = 1.  

Proof: If G is not ∆-regular, then there exist v ∈ V such 

that 𝑑𝑒𝑔v(G)  < ∆. Let S = {v} and u ∈ G\S. Since G is con-

nected, there eexists a shortest path (v = 𝑣1, 𝑣2, . . . , 𝑣𝑑(𝑢,𝑣)= 

u) in G connecting v and u. Note that, 𝑣1 can (∆−1)-force 𝑣2, 

𝑣2 can (∆−1)-force 𝑣3, . . ., 𝑣𝑑(𝑢,𝑣)−1 can (∆ − 1)-force 𝑣𝑑(𝑢,𝑣) 

. Hence, u will eventually be colored. Since u is arbitrary, 

this implies all the vertices of G will eventually be colored. 

This shows that S is a ∆-1-forcing set. Therefore, 𝐹∆−1(G) = 

1. QED 

 

Theorem 2.9. Let G = (V, E) be a connected graph. If G is 

∆-regular, then 𝐹∆−1(G) = 2.  

Proof: Let vw ∈ E and S = {v, w}. Let u ∈ G\S. Since G 

is connected, there exist a shortest path (v = 𝑣1, 𝑣2, . . . , 𝑣𝑛= 

u) in G connecting v and u. Note that, 𝑣1 can (∆ − 1)-force 

𝑣2, 𝑣2can (∆ − 1)-force 𝑣3, . . ., 𝑣𝑛−1 can (∆ − 1)-force 𝑣𝑛 = 

u. Hence, u will eventually be colored. Since u is arbitrary, 

this implies all the vertices of G will eventually be colored. 

Therefore, S is a (∆ − 1)-forcing set. Thus, 𝐹∆−1(G) ≤ 2.  

Suppose 𝐹∆−1(G) = 1. Let S be a minimum (∆ − 1)-forc-

ing set, say S = {v}. Let u ∈ N(S)\S. Since 𝑑𝑒𝑔𝐺(v) = ∆, v 

can not (∆ − 1) force u, that is, the color-change rule cannot 

take effect. This is a contradiction. Therefore, 𝐹∆−1(G) ≥ 2.  

Accordingly, 𝐹∆−1(G) = 2. QED                                                                                                      

The following remark is clear, that is, a k-forcing set is 

also a k+1-forcing set. This idea is utilized in Corollary 2.11. 

 

Remark 2.10. Let G be a graph. Then every k-forcing set in 

G is also a k +1-forcing set.  

 

Corollary 2.11. Let G be a graph. Then 𝐹𝑘(G) ≥ 𝐹𝑘+1(G) 

for all k ∈ ℕ.  

Proof : Let A   be the set of all k-forcing set of G and ℬ 

be the set of all k + 1-forcing set of G. By Remark 2.10, 

every k-forcing set in G is also a k + 1 forcing set. Hence, A 

⊆ ℬ. Thus, min{|A| : A ∈ A } ≥ min{|B| : B ∈ ℬ }, that is, 

𝐹𝑘(G)  ≥ 𝐹𝑘+1 (G).           QED         

 The minimum degree is the smallest degree among all 

vertices, denoted by δ(G). This notation is used in the next 

remark.   

                                            

Remark 2.12. Let G be a connected graph. If S is a sin-

gleton k-forcing set of G, then δ(G) ≤ k. 

 

3. k-FORCING NUMBER OF PATHS 

In this section we give k-forcing number of the family 

of paths. 

 

Theorem 3.1. Let 𝑃𝑛 be a path of order n > 1. Then 𝐹𝑘(𝑃𝑛) 

= 1 for all positive integer k.  

Proof: Let 𝑃𝑛 = (1, 2, . . . , n) be a path of order n and S 

= {1}. Note that 1 can 1-force 2, 2 can 1-force 3, . . ., n-1 

can 1-force n. Hence, S is a 1-forcing set. Clearly, S is a min-

imum 1-forcing set. Thus, 𝐹1(G) = 1.  

Finally by Corollary 2.11, 𝐹𝑘(𝑃𝑛)  = 1 for all positive 

integer k.        QED  

 

Theorem 3.2. Let G be a non-trivial graph of order n. Then 

𝐹1(G) = 1 if and only if G = 𝑃𝑛. 

Proof: Suppose that 𝐹1(G) = 1. Let S = {𝑢1} be a 1-

forcing set of G. Since S = {𝑢1} is a 1-forcing set, we must 
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have δ(𝑢1) = 1, that is 𝑢1 is a leaf. Now, let N(𝑢1) = {𝑢2}. 

Then by the color-change rule, 𝑢1 can 1-force 𝑢2. Next, 

δ(𝑢2) must be equal to 2, since S is a 1-forcing set. Now, let 

N(𝑢2)\{ 𝑢1} = {𝑢3}. Then by the color-change rule, 𝑢2 can 

1-force 𝑢3. Note again that δ(𝑢3) must be equal to 2, since S 

is a 1-forcing set. Now, let N(𝑢3)\{ 𝑢2} = {𝑢4}. Then by the 

color-change rule, 𝑢3 can 1-force 𝑢4. Continuing in this 

fashion, the color change action will eventually terminate 

with 𝑢𝑛−11-forcing 𝑢𝑛. Thus, the degree sequence of G is 

〈1, 2, 2, . . . , 1〉, that is, G is the path 𝑃𝑛.  

Conversely, if G is a path, then by Theorem 3.2 𝐹1(G) 

= 1.        QED 

 

4. k-FORCING NUMBER OF CYCLES 

 

In this section we give k-forcing number of the family 

of cycle graphs, 

 

Theorem 4.1. Let 𝐶𝑛 be a cycle of order n. Then 𝐹1(𝐶𝑛) = 

2.  

Proof: Let 𝐶𝑛 = [1, 2, . . . , n] be a cycle of order n, and 

S = {1, 2}. Consider the following cases.  

Case 1. n is even  

If n is even, then: 2 can 1-force 3, and 1 can 1-force n; 

3 can 1-force 4, and n can 1-force n − 1; 4 can 1-force 5, and 

n − 1 can 1-force n − 2; and so on. Until eventually, n/2 can 

1-force (n + 2)/2, and (n + 6)/2 can 1-force (n + 4)/2.  

Case 2. n is odd  

If n is odd, then: 2 can 1-force 3, and 1 can 1-force n; 3 

can 1-force 4, and n can 1-force n − 1; 4 can 1-force 5, and 

n − 1 can 1-force n − 2; and so on. Until eventually, (n − 1)/2 

can 1-force ⌈𝑛/2⌉, and (n + 3)/2 can 1-force ⌈(𝑛 + 4)/2⌉.  

In any case, all the vertices of 𝐶𝑛 will eventually be col-

ored. Hence, S is a 1-forcing set. Thus, 𝐹1(𝐶𝑛) ≤ 2. Note that 

a 1-forcing set in 𝐶𝑛 cannot be singleton. Therefore, 𝐹1 (𝐶𝑛) 

= 2.    QED 

  

Theorem 4.2. Let 𝐶𝑛 be a cycle of order n. Then  𝐹𝑘(𝐶𝑛)  = 

1 for all positive integer k ≥ 2.  

 

Proof: Let 𝐶𝑛 = [1,2,…,n] be a cycle of order n. Let S = {1} 

and consider the following cases.  

Case 1. n is even  

If n is even, then: 1 can 2-force 2 and n; 2 can 2-force 

3, and n can 2-force n-1; 3 can 2-force 4, and n-1 can 2-force 

n-2; and so on. Until eventually, (n − 2)/2 can 2-force n/2, 

and (n + 4)/2 can 2-force (n + 2)/2.  

Case 2. n is odd  

If n is odd, then: 1 can 2-force 2 and n; 2 can 2-force 3, 

and n can 2-force n-1; 3 can 2-force 4, and n-1 can 2-force 

n-2; and so on. Until eventually, (n − 1)/2 can 2-force ⌈𝑛/2⌉, 

and (n + 3)/2 can 2-force ⌈(𝑛 + 4)/2⌉.  

In any case, all the vertices of 𝐶𝑛 will eventually be col-

ored. Hence, S is a 2-forcing set. Thus, 𝐹2(𝐶𝑛) = 1. By Cor-

ollary 2.11, 𝐹𝑘(𝐶𝑛) = 1 for all positive integer k ≥ 2.                                         

QED  

 

5. k-FORCING NUMBER OF FANS 

In this section we give k-forcing number of the family 

of fan graphs. 

 

Theorem 5.1. Let 𝐹𝑛 be a fan of order n + 1. Then 𝐹1(𝐹𝑛) = 

2.  

Proof: Let 𝐹𝑛 = ({0},  ) + [1,2,…,n] be a fan of order 

n + 1. Let S = {0, 1}. Then 1 can 1-force 2, 2 can 1-force 

3,…, n − 1 can 1-force n. Hence, all the vertices of 𝐹𝑛 are 

eventually colored. Thus, S is a 1-forcing set. Note that 

𝐹1(𝐹𝑛) cannot be 1. Therefore, 𝐹1(𝐹𝑛) = 2.   QED            

 

Theorem 5.2. Let 𝐹𝑛 be a fan of order n + 1. Then 𝐹𝑘(𝐹𝑛) = 

1 for all positive integer k > 1. 

Proof: Let n > 2 be a positive integer and 𝐹𝑛 = ({0}, 

) + [1, 2,…, n] be a fan of order n + 1. Let S = {1}. Then 1 

can 2-force 2 and 0, 2 can 2-force 3, . . ., n − 1 can 2-force 

n. Hence, all the vertices of 𝐹𝑛 are eventually colored. Thus, 

S is a 2-forcing set. Therefore, 𝐹2(𝐹𝑛) = 1. By Corollary 2.11, 

𝐹𝑘(𝐹𝑛) = 1 for all positive integer k > 1. QED 

 

6. k-FORCING NUMBER OF WHEELS 

In this section we give k-forcing number of the family 

of wheel graphs, 

 

Theorem 6.1. Let 𝑊𝑛 be a wheel of order n + 1. Then  𝐹2(𝑊𝑛) 

= 2.  

Proof:  Let 𝑊𝑛 = ({0},  ) + [1, 2, . . . , n] be a wheel 

of order n + 1. Let S = {0, 1} and consider the following 

cases.  

Case 1. n is even  

     If n is even, then: 1 can 2-force 2 and n; 2 can 2-

force 3, and n can 2-force n − 1; 3 can 2-force 4, and n − 1 

can 2-force n − 2; and so on. Until eventually, (n − 2)/2 can 

2-force n/2, and (n + 4)/2 can 2-force (n + 2)/2.  

Case 2. n is odd  

If n is odd, then: 1 can 2-force 2 and n; 2 can 2-force 3, 

and n can 2-force n−1; 3 can 2-force 4, and n − 1 can 2-force 

n − 2; and so on. Until eventually, (n − 1)/2 can 2-force 

⌈𝑛/2⌉, and (n + 3)/2 can 2-force ⌈(𝑛 + 4)/2⌉.  

In any case, all the vertices of 𝑊𝑛 will eventually be 

colored. Hence, S is a 2-forcing set. Note that 𝐹2(𝑊𝑛) cannot 

be 1. Thus, 𝐹2(𝑊𝑛) = 2.   QED 

                                                                                 

Theorem 6.2. Let 𝑊𝑛 be a wheel of order n + 1. Then 𝐹𝑘(𝑊𝑛) 

= 1 for all positive integer k ≥ 3.  

Proof: Let 𝑊𝑛 = ({0}, ) + [1, 2,…, n] be a wheel of 

order n + 1. Let S = {1} and consider the following cases.  

Case 1. n is even  
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If n is even, then: 1 can 3-force 0, 2 and n; 2 can 3-force 

3, and n can 3-force n − 1; 3 can 3-force 4, and n − 1 can 3-

force n − 2; and so on. Until eventually, (n − 2)/2 can 3-force 

n/2, and (n + 4)/2 can 3-force (n + 2)/2.  

Case 2. n is odd  

If n is odd, then: 1 can 3-force 0, 2 and n; 2 can 3-force 

3, and n can 3-force n − 1; 3 can 3-force 4, and n − 1 can 3-

force n − 2; and so on. Until eventually, (n − 1)/2 can 3-force 

⌈𝑛/2⌉, and (n + 3)/2 can 3-force ⌈(𝑛 + 4)/2⌉.  

In any case, all the vertices of 𝑊𝑛 will eventually be 

colored. Hence, S is a 3-forcing set. Thus, 𝐹3(𝑊𝑛) = 1. By 

Corollary 2.11, 𝐹𝑘(𝑊𝑛) = 1 for all positive integer k ≥ 3.                                       

QED 

     

7. k-FORCING NUMBER OF WHEEL-RELATED 

GRAPHS 

 

In this section we give k-forcing number of the family 

of sunflower graphs, the family of sunflower graphs, the 

family of lotus inside circle graphs, the family of helm 

graphs, and the family of gear graphs. 

Let  ( )  1 2, , , ,n nW v v v v=  +  be a wheel of order 

1n+ . The sunflower graph nSF is the graph of order 2 1n+

obtained from nW  by adding vertices iw  joined by edges to 

vertices iv  and ( )1 modi n
v
+

 for 1,2, ,i n= . Figure 2 presents 

the gear graph of order 17.  

 

 

 
Figure 2. The sunflower graph of order 17 

 

Theorem 7.1. Let 𝑆𝐹𝑛 be the sunflower graph of order 2n + 

1. If k = 2, then 𝐹𝑘 (𝑆𝐹𝑛) = 2.  

Proof: Let 𝑆𝐹𝑛 be the sunflower graph of order 2n + 1 

obtained from 𝑊𝑛 = ({v}, ) + [𝑣1, 𝑣1, . . . , 𝑣𝑛] by adding 

vertices 𝑢𝑖 joined by edges to vertices 𝑣𝑖 and 𝑣𝑖+1 (𝑚𝑜𝑑𝑛) 

for i = 1, 2, . . . , n. Let S = {v, 𝑢1} and consider the following 

cases.  

Case 1. n is even  

If n is even, then: 𝑢1 can 2-force 𝑣1 and 𝑣2; 𝑣1 can 2-

force 𝑢𝑛 and 𝑣𝑛, and 𝑣2 can 2-force 𝑢2 and 𝑣3; 𝑣𝑛 can 2-

force 𝑢𝑛−1 and 𝑣𝑛/2, and 𝑣3 can 2-force 𝑢3 and 𝑣4; and so 

on. Until eventually, 𝑣(𝑛+4)/2can 2-force 𝑢(𝑛+2)/2, and 𝑣𝑛/2 

can 2-force 𝑢𝑛/2 and 𝑣(𝑛+2)/2.  

Case 2. n is odd  

If n is odd, then: 𝑢1 can 2-force 𝑣1 and 𝑣2; 𝑣1 can 2-

force 𝑢𝑛 and 𝑣𝑛, and 𝑣2 can 2-force 𝑢2 and 𝑣3; 𝑣𝑛 can 2-

force 𝑢𝑛−1 and 𝑣𝑛−1, and 𝑣3 can 2-force 𝑢3 and 𝑣4; and so 

on. Until eventually, 𝑣(𝑛+3)/2 can 2-force 𝑢(𝑛+1)/2, and 

𝑣⌊𝑛/2⌋ can 2-force 𝑢⌊𝑛/2⌋ and 𝑣(𝑛+1)/2.  

In any case, all the vertices of 𝑆𝐹𝑛 will eventually be 

colored. Hence, S is a 2-forcing set. Thus, 𝐹2(𝑆𝐹𝑛) ≤ 2. By 

Remark 2.12 a 2-forcing set of 𝑆𝐹𝑛 cannot be singleton. 

Therefore, 𝐹2(𝑆𝐹𝑛) = 2. QED 

 

Theorem 7.2. Let 𝑆𝐹𝑛 be the sunflower graph of order 2n + 

1. If k ≥ 3, then 𝐹𝑘(𝑆𝐹𝑛) = 1.  

Proof: Let 𝑆𝐹𝑛 be the sunflower graph of order 2n + 1 

obtained from 𝑊𝑛 = ({v}, ) + [𝑣1, 𝑣1, . . . , 𝑣𝑛] by adding 

vertices 𝑢𝑖 joined by edges to vertices 𝑣𝑖 and 𝑣𝑖+1(𝑚𝑜𝑑 𝑛) for 

i = 1, 2, . . . , n. Let S = {𝑢1} and consider the following 

cases.  

Case 1. n is even  

If n is even, then: 𝑢1 can 3-force 𝑣1 and 𝑣2; 𝑣1 can 3-

force 𝑢𝑛 and 𝑣𝑛, and 𝑣2 can 3-force 𝑢2, 𝑣3, and v; 𝑣𝑛 can 3-

force 𝑢𝑛−1 and 𝑣𝑛−1, and 𝑣3 can 3-force 𝑢3 = and 𝑣4; and 

so on. Until eventually, 𝑣(𝑛+4)/2 can 3-force 𝑢(𝑛+2)/2, and 

𝑣𝑛/2 can 3-force 𝑢𝑛/2 and 𝑣(𝑛+2)/2.  

Case 2. n is odd  

If n is odd, then: 𝑢1 can 3-force 𝑣1 and 𝑣2; 𝑣1 can 3-

force 𝑢𝑛 and 𝑣𝑛, and 𝑣2 can 3-force 𝑢2, 𝑣3, and v; 𝑣𝑛 can 3-

force 𝑢𝑛−1 and 𝑣𝑛−1, and 𝑣3 can 3-force 𝑢3 and 𝑣4; and so 

on. Until eventually, 𝑣(𝑛+3)/2 can 3-force 𝑢(𝑛+1)/2, and 

𝑣⌊𝑛/2⌋ can 3-force 𝑢⌊𝑛/2⌋ and 𝑣(𝑛+1)/2.   

In any case, all the vertices of 𝑆𝐹𝑛 will eventually be 

colored. Hence, S is a 3-forcing set. Thus, 𝐹2(𝑆𝐹𝑛) = 1. By 

Corollary 2.11, 𝐹𝑘(𝑆𝐹𝑛)  = 1 for all positive integer k ≥ 3.     

QED 

Let  1 2, , ,n nC w w w=  be a cycle of order n, and 

 ( )  ( )1, 1 2, , , , ,n nK v v v v=  +   be a star of order 1n+

. The graph lotus inside circle, denoted by nLC , is the graph 

of order 2 1n+ obtained from nC  and 1,nK  by joining each 

vertex iu  to iw  and ( )1 modi n
w

+
 for 1,2, ,i n= . Figure 3 

presents the lotus inside circle graph of order 17.  

 

 

 
Figure 3. The lotus inside circle graph of order 17 

 

Theorem 7.3. Let 𝐿𝐶𝑛 be the lotus-inside-circle graph of or-

der 2n + 1. If k = 2, then 𝐹𝑘(𝐿𝐶𝑛) = 2. 
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Proof: Let 𝐶𝑛  = [𝑣1, 𝑣1, . . . , 𝑣𝑛] be a cycle of order n, 

and 𝐾1,𝑛 = ({u}, )+({𝑢1, 𝑢2, . . . , 𝑢𝑛}, ∅) be a star of order 

n + 1. Let 𝐿𝐶𝑛 be the lotus inside circle graph of order 2n + 

1 obtained from 𝐶𝑛 and 𝐾1,𝑛 by joining each vertex 𝑢𝑖 to 

vertices vi and 𝑣𝑖+1(𝑚𝑜𝑑 𝑛) for i = 1, 2, . . . , n.. Let S = {v, 

𝑢1} and consider the following cases.  

Case 1. n is even  

If n is even, then: 𝑢1 can 2-force 𝑣1 and 𝑣2; 𝑣1 can 2-

force 𝑢𝑛 and 𝑣𝑛, and 𝑣2 can 2-force 𝑢2 and 𝑣3; 𝑣𝑛 can 2-

force 𝑢𝑛−1 and 𝑣𝑛−1, and 𝑣3 can 2-force 𝑢3 and 𝑣4; and so 

on. Until eventually, 𝑣(𝑛+4)/2 can 2-force 𝑢(𝑛+2)/2, and 𝑣𝑛/2 

can 2-force 𝑢𝑛/2 and 𝑣(𝑛+2)/2.  

Case 2. n is odd  

If n is odd, then: 𝑢1 can 2-force 𝑣1 and 𝑣2; 𝑣1 can 2-

force 𝑢𝑛 and 𝑣𝑛, and 𝑣2 can 2-force 𝑢2, and 𝑣3; 𝑣𝑛 can 2-

force 𝑢𝑛−1 and 𝑣𝑛−1, and 𝑣3 can 2-force 𝑢3 and 𝑣4; and so 

on. Until eventually, 𝑣(𝑛+3)/2 can 2-force 𝑢(𝑛+1)/2, and 

𝑣⌊𝑛/2⌋ can 2-force 𝑢⌊𝑛/2⌋ and 𝑣(𝑛+1)/2  

In any case, all the vertices of 𝐿𝐶𝑛 will eventually be 

colored. Hence, S is a 2-forcing set. Thus, 𝐹2(𝐿𝐶𝑛) ≤ 2. By 

Remark 2.12 a 2-forcing set of 𝑆𝐹𝑛 cannot be singleton. 

Therefore, 𝐹2(𝐿𝐶𝑛) = 2. 

 QED                                                                                                                        

  

Theorem 7.4. Let 𝐿𝐶𝑛 be the lotus-inside-circle graph of 

order 2n + 1. If k ≥ 3, then 𝐹𝑘(𝐿𝐶𝑛) = 1.  

 

Proof:  Let 𝐶𝑛  = [𝑣1, 𝑣1, . . . , 𝑣𝑛]  be a cycle of order n, and 

𝐾1,𝑛 = ({u}, )+({𝑢1, 𝑢2, . . . , 𝑢𝑛},  ∅) be a star of order n 

+ 1. Let 𝐿𝐶𝑛 be the lotus inside circle graph of order 2n + 1 

obtained from 𝐶𝑛 and 𝐾1,𝑛 by joining each vertex 𝑢𝑖 to ver-

tices 𝑣𝑖 and 𝑣𝑖+1(𝑚𝑜𝑑 𝑛) for i = 1, 2, . . . , n. Let S = {𝑢1} and 

consider the following cases.  

Case 1. n is even  

If n is even, then: 𝑢1 can 3-force v, 𝑣1 and 𝑣2; 𝑣1 can 3-

force 𝑢𝑛 and 𝑣𝑛, and 𝑣2 can 3-force 𝑢2 and 𝑣3; 𝑣𝑛 can 3-

force 𝑢𝑛−1 and 𝑣𝑛−1, and 𝑣3 can 3-force 𝑢3 and 𝑣4; and so 

on. Until eventually, 𝑣(𝑛+4)/2 can 3-force 𝑢(𝑛+2)/2, and 𝑣𝑛/2 

can 3-force 𝑢𝑛/2 and 𝑣(𝑛+2)/2.  

Case 2. n is odd  

If n is odd, then: 𝑢1 can 3-force v, 𝑣1 and 𝑣2; 𝑣1 can 3-

force 𝑢𝑛 and 𝑣𝑛, and 𝑣2 can 3-force 𝑢2 and 𝑣3; 𝑣𝑛 can 3-

force 𝑢𝑛−1 and 𝑣𝑛−1, and 𝑣3 can 3-force 𝑢3 and 𝑣4; and so 

on. Until eventually, 𝑣(𝑛+3)/2 can 3-force 𝑢(𝑛+1)/2, and 

𝑣⌊𝑛/2⌋  can 3-force 𝑢⌊𝑛/2⌋ and 𝑣(𝑛+1)/2.  

In any case, all the vertices of 𝐿𝐶𝑛 will eventually be 

colored. Hence, S is a 3-forcing set. Thus, 𝐹3(𝐿𝐶𝑛) = 1. By 

Corollary 2.11, 𝐹𝑘(𝐿𝐶𝑛)= 1 for all positive integer k ≥ 3.                                       

QED 

 

Let  ( )  1 2, , , ,n nW v v v v=  +  be a wheel of order 

1n+ . The helm nH  is the graph of order 2 1n+ obtained 

from nW  by attaching pendant edges for i iv w  for 

1,2, ,i n= . Figure 4 presents the helm graph of order 17.  

 

 
Figure 4. The helm graph of order 17 

 

Theorem 7.5. Let 𝐻𝑛 be the helm graph of order 2n + 1. If k 

= 2, then 𝐹𝑘(𝐻𝑛) = 2.  

Proof: Let 𝐻𝑛 be the helm graph of order 2n + 1 obtained 

from the wheel 𝑊𝑛 = ({v}, ) + [𝑣1, 𝑣1, . . . , 𝑣𝑛] by attach-

ing pendant edges 𝑣𝑖𝑢𝑖 for i = 1, 2, . . . , n. Let S = {v, 𝑢1} 

and consider the following cases.  

Case 1. n is even  

If n is even, then: 𝑢1 can 2-force 𝑣1; 𝑣1can 2-force 𝑣𝑛 

and 𝑣2; 𝑣2 can 2-force 𝑢2 and 𝑣3, and 𝑣𝑛 can 2-force 𝑢𝑛 and 

𝑣𝑛−1; 𝑣3 can 2-force 𝑢3 and 𝑣4, and 𝑣𝑛−1 can 2-force 𝑢𝑛−1 

and 𝑣𝑛−2; and so on. Until eventually, 𝑣(𝑛+2)/2 can 2-force 

𝑢(𝑛+2)/2.  

Case 2. n is odd  

If n is even, then: 𝑢1 can 2-force 𝑣1; 𝑣1 can 2-force 𝑣𝑛 

and 𝑣2; 𝑣2 can 2-force 𝑢2 and 𝑣3, and 𝑣𝑛 can 2-force 𝑢𝑛 and 

𝑣𝑛−1; 𝑣3 can 2-force 𝑢3 and 𝑣4, and 𝑣𝑛−1 can 2-force 𝑢𝑛−1 

and 𝑣𝑛−2; and so on. Until eventually, 𝑣⌈𝑛/2⌉ can 2-force 

𝑢⌈𝑛/2⌉.  

In any case, all the vertices of 𝐻𝑛 will eventually be col-

ored. Hence, S is a 2-forcing set. Thus, 𝐹2(𝐻𝑛) ≤ 2. By Re-

mark 2.12 a 2-forcing set of 𝐻𝑛 cannot be singleton. There-

fore, 𝐹2(𝐻𝑛) = 2.   QED 

 

Theorem 7.6. Let 𝐻𝑛 be the helm graph of order 2n + 

1. If k ≥ 3, then 𝐹𝑘(𝐻𝑛) = 1.  

 

Proof: Let 𝐻𝑛 be the helm graph of order 2n + 1 ob-

tained from the wheel 𝑊𝑛 = ({v}, ) + [𝑣1, 𝑣2, . . . , 𝑣𝑛] by 

attaching pendant edges 𝑣𝑖𝑢𝑖 for i = 1, 2, . . . , n. Let S = 

{𝑢1} and consider the following cases.  

Case 1. n is even  

If n is even, then: 𝑢1 can 3-force 𝑣1; 𝑣1 can 3-force v, 

𝑣𝑛 and 𝑣2; 𝑣2 can 3-force 𝑢2 and 𝑣3, and 𝑣𝑛 can 3-force 𝑢𝑛 

and 𝑣𝑛−1; 𝑣3 can 3-force 𝑢3 and 𝑣4, and 𝑣𝑛−1 can 3-force 

𝑢𝑛−1 and 𝑣𝑛−2; and so on. Until eventually, 𝑣(𝑛+2)/2 can 3-

force 𝑢(𝑛+2)/2.  

Case 2. n is odd  

If n is even, then: 𝑢1 can 3-force 𝑣1; 𝑣1 can 3-force v, 

𝑣𝑛 and 𝑣2; 𝑣2 can 3-force 𝑢2 and 𝑣3, and 𝑣𝑛 can 3-force 𝑢𝑛 

and 𝑣𝑛−1; 𝑣3 can 3-force 𝑢3 and 𝑣4, and 𝑣𝑛−1 can 3-force 

𝑢𝑛−1 and 𝑣𝑛−2; and so on. Until eventually, 𝑣⌈𝑛/2⌉ can 3-

force 𝑢⌈𝑛/2⌉.  
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In any case, all the vertices of 𝐻𝑛 will eventually be col-

ored. Hence, S is a 3-forcing set. Thus, 𝐹3(𝐻𝑛) = 1. By Cor-

ollary 2.11, 𝐹𝑘(𝐻𝑛) = 1 for all positive integer k ≥ 3.                                        

QED 

Let  ( )  1 2, , , ,n nW u u u u=  +  be a wheel of order 

1n+ . The gear graph 
nG  is the graph obtained from 

nW by 

adding vertices 
iw  in between adjacent vertices vertices 

iu  

and ( )1 modi n
u

+
 for 1,2, ,i n= . Figure 5 presents the gear 

graph of order 17.  

Theorem 7.7 gives the zero-forcing number of gear 

graph. 

 

 
Figure 5. The gear graph of order 17 

 

Theorem 7.7. Let 𝐺𝑛 be the gear graph of order 2n + 1. If k 

= 1, then 𝐹𝑘(𝐺𝑛) = 3.  

Proof: Let 𝐺𝑛 be the gear graph obtained from 𝑊𝑛 = ({v},

 ) + [𝑣1, 𝑣1, . . . , 𝑣𝑛] by adding vertices 𝑢𝑖 in between 

adjacent vertices 𝑣𝑖 and 𝑣𝑖+1(𝑚𝑜𝑑 𝑛) for i = 1, 2, . . . , n. Let 

S = {v, 𝑣1, 𝑢1} and consider the following cases.  

Case 1. n is even  

If n is even, then: 𝑢1 can 1-force 𝑣2, and 𝑣1 can 1-force 

𝑢𝑛; 𝑣2 can 1-force 𝑢2, and 𝑢𝑛 can 1-force 𝑣𝑛; 𝑢2 can 1-force 

𝑣3, and 𝑣𝑛 can 1-force 𝑢𝑛−1; and so on. Until eventually, 

𝑣(𝑛+2)/2 can 1-force 𝑢(𝑛+2)/2.  

Case 2. n is odd  

If n is odd, then: 𝑢1 can 1-force 𝑣2, and 𝑣1 can 1-force 

𝑢𝑛; 𝑣2 can 1-force 𝑢2, and 𝑢𝑛 can 1-force 𝑣𝑛; 𝑢2 can 1-force 

𝑣3, and 𝑣𝑛 can 1-force 𝑢𝑛−1; and so on. Until eventually, 

𝑣⌈𝑛/2⌉ can 1-force 𝑢⌈𝑛/2⌉.  

In any case, all the vertices of 𝐺𝑛 will eventually be col-

ored. Hence, S is a 1-forcing set. Thus, 𝐹1(𝐺𝑛)  ≤ 3. Note that 

a 1-forcing set of 𝐺𝑛 cannot have less than 3 elements. 

Therefore, 𝐹1(𝐺𝑛)   = 3.     QED                                                                                                                                              

Theorem 7.8 gives the k-forcing number of gear graph 

for 2k  . 

 

Theorem 7.8. Let 𝐺𝑛 be the gear graph of order 2n + 1. If k 

≥ 2, then 𝐹𝑘(𝐺𝑛) = 1.  

Proof: Let 𝐺𝑛 be the gear graph obtained from 𝑊𝑛 = 

({v}, ) + [𝑣1, 𝑣1, . . . , 𝑣𝑛] by adding vertices 𝑢𝑖 in between 

adjacent vertices 𝑣𝑖 and 𝑣𝑖+1(𝑚𝑜𝑑 𝑛) for i = 1, 2, . . . , n. Let 

S = {v, 𝑢1} and consider the following cases.  

Case 1. n is even  

    If n is even, then: 𝑢1 can 2-force 𝑣1 and 𝑣2; 𝑣1 can 

2-force 𝑢𝑛 and v, and 𝑣2 can 2-force 𝑢2; 𝑢𝑛 can 2-force 𝑣𝑛, 

and 𝑣3 can 2-force 𝑢3; and so on. Until eventually, 𝑣(𝑛+2)/2 

can 2-force 𝑢(𝑛+2)/2.  

Case 2. n is odd  

If n is odd, then: 𝑢1 can 2-force 𝑣1 and 𝑣2; 𝑣1 can 2-

force 𝑢𝑛 and 𝑣𝑛, and 𝑣2 can 2-force 𝑢2 and 𝑣3; 𝑣𝑛 can 2-

force 𝑢𝑛−1 and 𝑣𝑛−1, and 𝑣3 can 2-force 𝑢3 and 𝑣4; and so 

on. Until eventually, 𝑣⌈𝑛/2⌉  can 2-force 𝑢⌈𝑛/2⌉.  

In any case, all the vertices of 𝐺𝑛 will eventually be col-

ored. Hence, S is a 2-forcing set. Thus, 𝐹2(𝐺𝑛) = 1. By Cor-

ollary 2.11, 𝐹𝑘(𝐺𝑛) = 1 for all positive integer k ≥ 2. QED 
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